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IMPROPER INTEGRALS

MAIN CONCEPTS

e Integrals can be used to represent the likelihood of certain events.

e Improper Integrals on Unbounded Intervals: Integrals over unbounded domains
can be defined as the limit of definite integrals on bounded domains. For example,

/OO f(z)dz = bli}m bf(x) dz.

e Convergence and Divergence: The limit given above may not always exist. If the
limit faoo f(z) dz exists, we say that the improper integral converges otherwise we say
it diverges.

e Improper Integrals for Unbounded Integrands: Sometimes a function may be
unbounded on an interval, but its integral may still be defined by using a limit. For
example, 1/4/x blows up to infinity as  — 07, however we can integrate it over [0, 1]
by defining:

t1 1
—dz = lim —dz.
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We can also talk about the convergence and divergence of such integrals similar to the
previous point.

e There are instances where applying the fundamental theorem without care might lead
to erroneous results, for example when the function is not continuous (or not defined)
on parts of the interval: fjl x% dx. These can be treated as improper integrals in the
following way:
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—dxz = lim — dx + lim — dx = 0.
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e An important class of improper integrals is floo xip dx, where p > 0 is a real number.
The integral converges for p > 1 and diverges for p < 1.

Another important class is fol I—lp dx which diverges for p > 1 but converges for p < 1.



ACTIVITIES
AcCTIVITY 6.5.2
In this activity we explore the improper integrals floo %d:v and floo x3—1/2 dx.
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(a) First we investigate [ I dz.

(i) Use the first FTC to determine the exact values of [°Ldz, [*1dz, and

flmoooo%dm Then, use your computational device to compute a decimal ap-

proximation of each result.
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(ii) Use the first FTC to evaluate the definite integral flb 2 dz (which results in an
expression that depends on b).
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(iii) Now, use your work from (ii) to evaluate the limit given by
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(b) Next we investigate [~ — dx.

(i) Use the first FTC to determine the exact values of f110 # dz, 11000
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fl ISI/Q dx. Then, use your computational device to compute a decimal ap-

proximation of each result.
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(ii) Use the first FTC to evaluate the definite integral flb =75 d (which results in an
expression that depends on b).
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(iii) Now, use your work from (ii) to evaluate the limit given by
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(c) Plot the functions y = 1 and y = — on the same coordinate axes. How would

you compare their behavior as  increases without bound? What is similar? What is
different? |
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(d) How would you characterize the value of [~ 1? Of [ —=? What does this tell us
about the respective areas bounded by these two curves for z > 17
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AcCTIVITY 6.5.3

Determine whether each of the following improper integrals converges or diverges. For each
integral that converges, find its exact value.

(a) f1oo z_12 dx
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(b) fooo e~/ dy
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c) fzoo W dx
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(e) J3° re */* dx
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(f) floo L dx, where p is a positive real number
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AcCTIVITY 6.4.4

For each of the following definite integrals, decide whether the integral is improper or not. If
the integral is proper, evaluate it using the First FTC. If the integral is improper, determine
whether or not the integral converges or diverges; if the integral converges, find its exact

value.
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(b) fOQe_“‘d:v
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(e) [ tan(z) dx
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