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ALTERNATING SERIES

MAIN CONCEPTS

e An Alternating series is an infinite series of the form

Z(—l)kak or Z(—l)kﬂak
k=0 k=1

where a;, > 0 for each k.
e Examples:
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R (—1)F2F =1 - 2448416 ...

e Alternating Series test: If a; > ax; for all k£ and limg_,, ar = 0, then the alter-
nating series >_(—1)*a; converges. In other words, if the sequence {a;} is decreasing
to zero as k — oo, then the alternating series converges.

e Estimating alternating series: If the alternating series > - (—1)""a; has positive
k

terms a; that decrease to zero as k — co and S, = >_,_,(—1)¥"'a; is the n'" partial
sum of the alternating series, then
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In other words, the difference between the n'" partial sum and the infinite series cannot
be larger than the (n + 1)™ term of the sequence {az}.

e Suppose now that y .- | a; is an infinite series whose terms can be positive or negative.
It is called absolutely convergent if ) |a;| converges. In other words, if you remove
all the negative signs, the infinite sum still converges.

The series is called conditionally convergent if > |a| diverges, but > a; converges.
In other words, when some of the terms are negative the sum converges, but when all
the signs are made positive, it diverges.

e Examples:
— The series 1 — % + % — 1—16 + ... is absolutely convergent because when the negative

signs are removed, 1 + }l + % + % + ... is still convergent.

— The series 1 — % + % — }L + ... is convergent but not absolutely convergent because
when the negative signs are removed, 1 + % + % + }l + ... is not convergent. Thus
this is an example of a conditionally convergent series.



ACTIVITIES

AcTIvIiTY 8.4.2

Remember that, by definition, a series converges if and only if its corresponding sequence of
partial sums converges.

(a) Calculate the first few partial sums (to 10 decimal places) of the alternating series
G 1
Z(_l)kJrl__
k=1 ki

Label each partial sum with the notation S, = >"p_ (=1)""'¢ for an appropriate
choice of n.

(b) Plot the sequence of partial sums from part (a). What do you notice about this
sequence?



AcTIviTY 8.4.3

Which series converge and which diverge? Justify your answers.
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AcTIvVITY 8.4.4

Determine the number of terms it takes to approximate the sum of the convergent alternating

series
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to within 0.0001.

AcTIVITY 8.4.5
(a) Explain why the series

1 1+1+1 1 1 1 1 1
4 9 16 25 36 49 64 81 100

must have a sum that is less than the series
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(b) Explain why the series

1 1+i+1 1 1 1 1 1
4 9 16 25 36 49 64 81 100

must have a sum that is greater than the series
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(c¢) Given that the terms in the series

1 1+1+1 1 1 1 1 1
4 9 16 25 36 49 64 81 100

converge to 0, what do you think the previous two results tell us about the convergence
status of the series?

AcTIVITY 8.4.6

. . 00 In(k
(a) Consider the series Zk:l(_l)k%‘

(i) Does this series converge? Explain

(ii) Does this series converge absolutely? Explain what test you use to determine
your answer.

(b) Consider the series Z;il(—l)kli(f).

(i) Does this series converge? Explain

(ii) Does this series converge absolutely? Hint: use the fact that In(k) < vk for large
values of k and then compare to an appropriate p-series.



