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1 DOUBLE INTEGRALS OVER MORE GENERAL REGIONS

1. Elementary Regions: A y-simple region is one that lies between two continuous
curves y = ¢1(x) and y = ¢a(x) where ¢1(z) < ¢o(z) and a < x < b. Similarly an
x-simple region is one that lies between two continuous curves z = ¥ (y) and x = ¥, (y)
where ¥ (y) < 19(y) and ¢ < y < d. An elementary region is one that is either y-simple
or is x-simple. If it is both, we say the region is simple.

2. The integral of a function f over an elementary region D is obtained by extending f
to f* a function on the a rectangle R that contains D, the function defined to be

oy = 3@y (@y)eD
fr(@.) {O (x,y) ¢ D and (z,y) € R

and the integral is defined to by

//DfdA://Rf*dA.
J[ faa= [ b /qﬁ f:j)ﬂx,y)dydx

and for an z-simple region:

J[ faa= [ d / f:)ﬂx,y)dxdy

4. It D is a simple region and if f is integrable on D then,

b roa(x) d pria(y)
/ / f(z,y)dydzr = / / f(z,y)dxdy
a Jé1(z) c 1(y)

5. m < f(x,y) < M on an elementary region D, then the mean value inequality holds:

3. For a y-simple region:

mArea(D) < // fdA < MArea(D)
D
6. If f is continuous and D is an elementary region then the mean value equality holds

f(z,y)dA = f(xo, yo)Area(D)
/I,

for some point (xg,y0) € D.



PRACTICE PROBLEMS

. Sketch the region and change the order of integration:
(a) [7 [, 87 £ (2 y)dyda

in(x)
b fO fs sin(xz/2) f x y>dyd$

. Evaluate the integral:

1
/ / sin(z?)dzdy
0 Jy
a pry a
//em(“_$)f(x)dxdy:/ (a — z)e™ @) dy
o Jo 0

. When a double integral was set up for the volume of the solid under the paraboloid
z = 22 +y? and above a region S of the zy-plane, the following sum of iterated integrals

was obtained:
1 Y 2 2—y
:/ / (x2+y2)dxdy+// (z° + y*)dady.
0o Jo 1 Jo

Sketch the region of integration on the xy-plane and write the iterated integral with
the order reversed. Also compute the integral.

. Derive the formula:

CIf flo,y) = @) and D = [—7 , 7|, show that

_42//f.rydA<e
™



